Using the series-expansion of digamma functions and other techniques, some monotonicity and logarithmical concavity involving the ratio of gamma function are obtained, which is to give a partially affirmative answer to an open problem posed by B.-N. Guo and F. Qi. Several inequalities for the geometric means of natural numbers are established.
Introduction
For real and positive values of x the Euler gamma function Γ and its logarithmic derivative ψ, the so-called digamma function, are defined as
For extension of these functions to complex variables and for basic properties see 1 .
In recent years, many monotonicity results and inequalities involving the Gamma and incomplete Gamma functions have been established. This article is stimulated by an open problem posed by Guo and Qi in 2 . The extensions and generalizations of this problem can be found in 3-5 and some references therein.
Using Stirling formula, for all nonnegative integers k, natural numbers n and m, an upper bound of the quotient of two geometrical means of natural numbers was established and the following lower bound was appeared in 2, 5 :
Since Γ n 1 n!, as a generalization of inequality 1.3 , the following monotonicity result was obtained by Guo and Qi in 2 . The function
is decreasing with respect to x on 1, ∞ for fixed y ≥ 0. Hence, for positive real numbers x and y, we have
Recently, in 6 , Qi and Sun proved that the function
is strictly increasing with respect to x ∈ y 1, ∞ for all y ≥ y 0 . Now, we generalize the function in 1.4 as follows: for positive real numbers x and y, α ≥ 0, let
The aim of this paper is to discuss the monotonicity and logarithmical convexity of the function F α x, y with respect to parameter α.
For convenience of the readers, we recall the definitions and basic knowledge of convex function and logarithmically convex function.
for all x, y ∈ D, and f is called concave if −f is convex. 
is a convex set with nonempty interior and α ≥ 1, then F α x, y is neither logarithmically convex nor logarithmically concave with respect to x, y on E.
The following two corollaries can be derived from Theorems 1.4 and 1.5 immediately.
Remark 1.7. Inequality 1.3 can be derived from Corollary 1.6 if we take x, y ∈ N. Although we cannot get the inequality 1.2 exactly from Corollary 1.6, but we can get the following inequality which is close to inequality 1.2 :
x 1 y 1 x 2 y 2 2 .
1.12
Remark 1.9. We conjecture that the inequality 1.2 can be improved if we can choose two pairs of integers x 1 , y 1 and x 2 , y 2 properly.
Lemmas
It is well known that the Bernoulli numbers B n is defined 8 in general by
In particular, we have
In 9 , the following summation formula is given:
for nonnegative integer k, where E k denotes the Euler number, which implies
Recently, the Bernoulli and Euler numbers and polynomials are generalized in 10-13 . The following two Lemmas were established by Qi and Guo in 3, 14 . 
Lemma 2.2 see 14 .
Inequalities for all x, y ∈ 0, ∞ × 0, ∞ . for y ∈ 2/ α − 1 , ∞ . Therefore, Lemma 2.3 2 follows from 2.11 and 2.13 . for x > 0. On the other hand, from 2.10 we know that ψ x is strictly decreasing on 0, ∞ . Therefore, Lemma 2.4 follows from 2.14 -2.17 .
Lemma 2.4. If g x, y
2xψ y 1 − 2 ln Γ x y 1 − ln Γ y 1 x 2 ψ y 1 , then g x, y > 0 for x, y ∈ 0, ∞ × 0, ∞ .Remark 2.5. Let a x, y 2 x 3 ln Γ x y 1 − ln Γ y 1 − 2 x 2 ψ x y 1 , b x, y − 1 x 2 ψ x y 1 − ψ y 1 , c x, y − 1 x ψ y 1 .
2.18
Then simple computation shows that 
2.22
Then it is not difficult to verify 
The following three cases will complete the proof of Theorem 1.4 1 . It is obvious that 3.6 implies
The continuity of G 2 x, y with respect to x ∈ 0, ∞ for any fixed y ∈ 0, ∞ and 3.7 imply that there exists δ δ α > 0 such that
for x ∈ 0, δ . 
